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1. Introduction
The past twenty years have seen the tremendous progress in the study of curve and surface evolution problem in
a number of different research areas such as differential geometry, theory of parabolic equations, numerical analysis, vis-
cosity solutions, computer vision and image processing, etc. For instance, it was shown in [3] that the ﬁltered image is
associated with the viscosity solutions of the geometric partial differential equations (PDEs). Aﬃne invariant curve ﬂows
have been successfully applied in edge detection and image denoising [28,35]. The powerful Propagation of Surfaces under
Curvature algorithms and other numerical schemes have been established in computing solutions of a variety of geometric
curves or surfaces ﬂows [30,36]. See also [2,7,8,10,13–15,18,22,24–28,35] and references therein.
Much research was devoted to the curve shortening ﬂow
Ct = κN , (1)
where κ denotes the Euclidean curvature of the curve C(·, t) on the plane, and N is the inward unit normal of C . For
an embedded closed curve it was shown in Gage and Hamilton [18] and Grayson [19] that the curve will evolve into a
convex one and then shrink to a point asymptotic to a circle. Eq. (1) is normally referred to as the geometric heat equation
or the curve shortening equation. It is important for image enhancement applications [28,35] and has been utilized for the
deﬁnition of Euclidean invariant multiscale representation of planar shapes [3,25]. As higher-dimensional generalizations
to (1), the mean curvature ﬂow and Gauss curvature ﬂow for hypersurfaces have been studied extensively (see [4,5,21] and
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522 C. Qu, Q. Huang / J. Math. Anal. Appl. 346 (2008) 521–530references therein). It was shown in [4,5,21] that the hypersurfaces contract to points in ﬁnite time and become spherical
as the ﬁnal time is approached when evolve according to the both ﬂows.
Another most studied curve ﬂow is the aﬃne curve shortening ﬂow
Ct = κ 13N . (2)
The investigation of this evolution equation was motivated by the research for aﬃne invariant ﬂows in computer vision and
image processing [3,32,33]. Sapiro and Tannenbaum have shown that any convex plane curve converges to an elliptical point
under this ﬂow [34]. Furthermore, Angenent et al. [9] have shown that any nonconvex initial curve will shrink to an elliptical
point when evolve according to the ﬂow (2). Andrews [6] has generalized the results in [34] to convex hypersurfaces moving
according to their aﬃne normal. Alvarez et al. [3] have discussed an equivalent model from the point of view of viscosity
solutions. The ﬂow (2) was also referred to as the aﬃne invariant geometric ﬂow or the aﬃne heat equation [9]. It is
well known that the aﬃne invariants are very important in computer vision, e.g., in problems involving object recognition.
Eq. (2) is the unique aﬃne invariant curve ﬂow under certain conditions, and it has many remarkable properties and rich
symmetries, which make it very useful in morphological image processing, and give rise to an aﬃne morphological scale
space [3,32]. Moreover, image processing smoothing algorithms are shown to be more stable when implemented according
to the ﬂow (2) rather than the ﬂow (1). If we denote the curve locally by C = (x,u(x, t)), Eq. (2) may be written as ut = u1/3xx ,
which is the nontrivial special aﬃne invariant curve ﬂow of lowest order. Its Lie symmetries and group-invariant solutions
have been discussed in detail in [16].
Since a curve is not always given by an explicit representation, one can denote the curve C by zero-level set of a surface
u(x, y, t), i.e., C = {(x, y): u(x, y, t) = 0}. So the curve evolution (2) may be recovered as the level set of a surface evolving
according to
ut = κ 13 ‖∇u‖, (3)
where
κ = ∇ ·
( ∇u
‖∇u‖
)
= u
2
yuxx − 2uxuyuxy + u2xuyy
(u2x + u2y) 32
.
This allows us to rewrite Eq. (3) as
ut =
(
u2yuxx − 2uxuyuxy + u2xuyy
) 1
3 . (4)
Eq. (4) is also called the aﬃne heat equation since it is invariant under the aﬃne invariant transformation. It was used
for the implementation of the aﬃne invariant scale-space of plane curves [32] and for image denoising [3]. It is of worthy
noting that Eq. (4) is also well deﬁned for nonsmooth level sets based on the theory of viscosity solutions. A nice fact is
that this ﬂow is stable and well-posed. The maximum principle also holds for (4).
Similarly, in terms of the level set function u, the geometric heat ﬂow (1) can be written as
ut =
u2yuxx − 2uxuyuxy + u2xuyy
u2x + u2y
,
whose symmetries and invariant solutions have been studied in [20].
It is well known that group-invariant solutions play an important role in the study of invariant geometric ﬂows. For
example, Angenent [8] showed that if a convex closed immersed curve shrinks to a point, its asymptotic shape must be
one of the contracting homothetic self-similar solutions classiﬁed in [1]. On the other hand, the asymptotic behavior of a
“type-II” singularity looks like a “grim reaper,” which is a translational self-similar solution. To the best of our knowledge,
very few nontrivial particular solutions to the aﬃne normal ﬂow are known, except those found in [13,15,16]. The purpose
of this paper is to discuss symmetry reductions and exact solutions of Eq. (4).
The layout of this paper is as follows. In Section 2, we derive Lie symmetries of Eq. (4). In Section 3, using its symmetry
groups, Eq. (4) is reduced to 2-dimensional PDEs, a class of group-invariant solutions are discussed and classiﬁed. Symmetry
group analysis of (6) and (7) are performed respectively in Sections 4 and 5. And in Section 6, group-invariant solutions of
Eq. (4) are presented. We end with a concluding remarks in Section 7.
2. Lie symmetries of the aﬃne heat equation
We ﬁrst apply the standard Lie group method to determine the inﬁnitesimal symmetries admitted by Eq. (4). The Lie
algebras of symmetry groups of (4) is generated by vector ﬁelds of the form
X = ξ1(x, y, t,u)∂x + ξ2(x, y, t,u)∂y + ξ3(x, y, t,u)∂t + ξ4(x, y, t,u)∂u .
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pr(2) X should annihilate (4) on its solution manifold
pr(2) X()|=0 = 0,  = ut −
(
u2yuxx − 2uxuyuxy + u2xuyy
) 1
3 .
This procedure yields an over-determined system of linear PDEs for ξi , i = 1,2,3,4 (called determining equations). Solving
this system, we can obtain the inﬁnitesimal coeﬃcients. Without going into the details of the algebraic calculations, we list
the results as follows
ξ1 =
[
3F5(u) + F2(u)
]
x+ F4(u)y + F1(u),
ξ2 = F7(u)x− F2(u)y + F3(u),
ξ3 = 2F5(u)t + F6(u),
ξ4 = F8(u),
where Fi(u) (i = 1, . . . ,8) are arbitrary functions of u. Therefore the symmetry group of (4) is spanned by the vector ﬁelds
F1(u)∂x, F3(u)∂y, F6(u)∂t , F8(u)∂u (gauge translation),
F2(u)x∂x − F2(u)y∂y, 3F5(u)x∂x + 2F5(u)t∂t (gauge scaling),
F4(u)y∂x, F7(u)x∂y (gauge rotation).
It is noted that if u is a solution of (4), so is f (u) for any arbitrary differentiable function f .
In the following, we conﬁne Fi(u) (i = 1, . . . ,7) to constants ki (i = 1, . . . ,7) and set k8 = 1, denoting the new ξi as ξ∗i ,
then we obtain
ξ∗1 = (3k5 + k2)x+ k4 y + k1,
ξ∗2 = k7x− k2 y + k3,
ξ∗3 = 2k5t + k6,
ξ∗4 = 1.
Having determined the inﬁnitesimals, the similarity variables are found by solving the characteristic equation
dx
ξ∗1
= dy
ξ∗2
= dt
ξ∗3
= du
ξ∗4
. (5)
Symmetry reductions and exact solutions can be obtained by the Lie’s symmetry method through these variables.
3. Reduction of the aﬃne heat equation to 2-dimensional PDEs
We now, in the standard way [11,12,23,29], solve Eq. (5) to ﬁnd the similarity variables and similarity transformations,
and then substitute them into (4) to construct the symmetry reductions. Before writing down the full catalogue of symmetry
reductions, let us introduce the notations B = k22 + k4k7 + 3k2k5, A = 9k25 + 4B , C = k1k2 + k3k4, and assume A  0 to
simplify our presentation. The reduction results are presented in Table 1. There are three invariants ξ,η and τ associated
to the vector ﬁelds for each case, where ξ,η are listed in Table 1, and τ is given as follows: in the case of k5 = 0, τ =
e−2k5u(t + k62k5 ), otherwise τ = t − k6u. Clearly, τ is function of ξ and η, we denote it by v(ξ,η). It is readily to see from
the table that to obtain solutions of (4), one needs to solve
2ξ v3ξ + 2ηvηv2ξ − η2v2ξ vηη + 2η2vξ vηvξη − η2v2ηvξξ =
1
4Bk24
(6)
and
v2ηvξξ − 2vξ vηvξη + v2ξ vηη = D, (7)
where D = −A/k24, −9k25/k24, −1/k24 or −1. In the following two sections, we shall further reduce (6) and (7) by using their
Lie symmetries.
In the case of k8 = 0, the manipulation is similar and the results for symmetry reductions are presented in Table 2. There
are three invariants ξ,η,u associated to the vector ﬁelds, where ξ and η are given in table and u = v(ξ,η). Here we only
consider a special case: k1 = k6 = k8 = 0, k3 = k4 = k7 = 1, k2 = −1 and k5 = 2/3, the corresponding inﬁnitesimal vector
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Reduction of the aﬃne heat equation in the case of k8 = 1
Case Invariants (ξ,η) Reduced equation
k4k5 = 0, A > 0, B = 0 ([ 3k5+2k2+
√
A
2
√
A
x+ k4√
A
y + 2k1B−3k5C+C
√
A
2B
√
A
]e− (3k5+
√
A)
2 u , v2ηvξξ − 2vξ vηvξη + v2ξ vηη = − Ak24
−[ 3k5+2k2−
√
A
2
√
A
x+ k4√
A
y + 2k1B−3k5C−C
√
A
2B
√
A
]e− (3k5−
√
A)
2 u)
k4 = 0, k5 = 0, B > 0 ((k22 − B)x2 + 2k2k4xy + k24 y2 + 2(k1k2 − C)x+ 2k1k4 y + k21 − C
2
B , 2ξ v
3
ξ + 2ηvηv2ξ − η2v2ξ vηη + 2η2vξ vηvξη
[(k2
√
B − B)x+ k4
√
B y + k1
√
B − C]e
√
Bu) − η2v2ηvξξ = 14Bk24
k4k5 = 0, B = 0 (− k23k5 x−
k4
3k5
y + C3k5 u −
C+3k1k5
9k25
, v2ηvξξ − 2vξ vηvξη + v2ξ vηη = − 9k
2
5
k24
[(1+ k23k5 )x+
k4
3k5
y + C+3k1k5
9k25
]e−3k5u)
k4k5 = 0, A = 0 (− [(3k5 B+2k2 B)x+2k4 By−3k5C+2k1B]u−2Bx−2C2B e−
3
2 k5u , v2ηvξξ − 2vξ vηvξη + v2ξ vηη = − 1k24
(3k5B+2k2 B)x+2k4 By−3k5C+2k1B
2B e
− 32 k5u)
k4 = 0, k5 = 0, B = 0 ( C2 u2 − (k2x+ k4 y + k1)u + x,−Cu + k2x+ k4 y + k1) v2ηvξξ − 2vξ vηvξη + v2ξ vηη = − 1k24
k4 = 0, k2 = 0, k5 = 0 ((x+ k13k5 )e−3k5u ,−
k7
3k5
x+ y + ( k1k73k5 − k3)u −
k1k7
9k25
) v2ηvξξ − 2vξ vηvξη + v2ξ vηη = −1
k4 = 0, ((x+ k1k2+3k5 )e−(k2+3k5)u , v2ηvξξ − 2vξ vηvξη + v2ξ vηη = −1
k2k5(k2 + 3k5)(2k2 + 3k5) = 0 [− k72k2+3k5 x+ y −
k3
k2
+ k1k7k2(2k2+3k5) ]ek2u)
k4 = 0, k2 = 0, k5 = 0 ((x+ k1k2 )e−k2u , [−
k7
2k2
x+ y − k3k2 +
k1k7
2k22
]ek2u) v2ηvξξ − 2vξ vηvξη + v2ξ vηη = −1
k4 = 0, k5 = 0, 2k2 + 3k5 = 0 ((x− k1k2 )ek2u , [(−k7x+
k1k7
k2
)u + y − k2k3+k1k7
k22
]ek2u) v2ηvξξ − 2vξ vηvξη + v2ξ vηη = −1
k4 = 0, k2 = 0, k5 = 0 (x− k1u, k1k72 u2 − (k3 + k7x)u + y) v2ηvξξ − 2vξ vηvξη + v2ξ vηη = −1
k4 = 0, k2 = 0, k2 + 3k5 = 0 (x− k1u, (− k7k2 x+ y +
k1k7−k2k3
k22
)ek2u) v2ηvξξ − 2vξ vηvξη + v2ξ vηη = −1
ﬁeld is (x+ y)∂x + (x+ y+1)∂y +4/3t∂t , it admits invariants: ξ = (x+ y+1/2)/t3/2, η = y− x−3/4 ln t and u, which gives
a group-invariant solution u = v(ξ,η), it satisﬁes
v2ηvξξ − 2vξ vηvξη + v2ξ vηη = −
27
256
(2ξ vξ + vη)3.
This equation admits a Lie point symmetry ∂η + λ∂v , it gives the group-invariant solution of (4)
u = λη + w(ξ),
where λ is a constant, and w(ξ) satisﬁes
λ2w ′′ = −γ (λ + 2ξw ′)3, (8)
where γ = 27/256. By the scaling invariance for w and ξ , we can put λ = −1. Setting g = wξ , we have
wξξ = γ (1− 2ξwξ )3 (9)
and
gξ = γ (1− 2ξ g)3. (10)
We now classify solutions of (10). The analysis is the same as that in [16]. Note that Eq. (10) is invariant under the
map (ξ, g) → (−ξ,−g) and the zero set of the right-hand side of (10) consists of the hyperbolas Λ1 = {ξ g = 1/2, ξ > 0}
and Λ2 = {ξ g = 1/2, ξ < 0}. Clearly, any solution of (10) is increasing in the region bounded between Λ1 and Λ2 and is
decreasing above Λ1 or below Λ2.
Deﬁnition 1. We call any solution passing the g-axis a type-I solution. The upper and lower envelopes of all type-I solutions
are called type-I1 and type-I2 solutions. For a solution starting at (ξ0, g0) for positive ξ0 and large g0, it is deﬁned in a
maximal interval (ξ1,∞), 0 < ξ1 < ξ0, such that limξ↓ξ1 g(ξ) = ∞ and limξ→∞ ξ g(ξ) = 1/2. It is called a type-II solution.
Similarly, for every negative g0 the solution is deﬁned in (ξ1,∞) and satisﬁes limξ↓ξ1 = −∞ and ξ g(ξ) > 1/2. It is called
the type-III solution.
It is easy to see that the type-I solution is entire and there exist a, b, a < 0 < b, such that it is increasing in (a,b)
and decreasing in (−∞,a) and (b,∞). As ξ tends to ∞, g(ξ) tends to 1/2. The type-I′ , -II′ , -III′ , -I′1 and -I′2 solutions are
deﬁned by the symmetry (ξ, g) → (−ξ,−g), all type-I, -II, -III, -I1 and -I2 solutions form a foliation of the plane. About the
singularity of g(ξ), we have the following result.
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Reduction of the aﬃne heat equation in the case of k8 = 0
Case Invariants (ξ,η) Reduced equation
k5 = 0, k6k4 = 0, B = 0 ( k2k6 x+
k4
k6
y − C
k26
t2 + k1k6 , (v2ξ vηη − 2vξ vηvξη + v2ηvξξ )
1
3 = −( k6k4 )
2
3 ( C
k26
vξ − ξ vη)
(1− k2k6 t)x−
k4
k6
ty + C
2k26
t2 − k1k6 t)
k5 = 0, k6k4 = 0, B > 0 ([(k2
√
B + B)x+ k4
√
B y + (k1
√
B + C)] e
−
√
B
k6
t
2B , (v
2
ξ vηη − 2vξ vηvξη + v2ηvξξ )
1
3 = 4
1
3 B
5
6
k
2
3
4 k6
(−ξ vξ + ηvη)3
[(B − k2
√
B)x− k4
√
B y + (C − k1
√
B)] e
√
B
k6
t
2B )
k5 = 0, k6k4 = 0, B < 0 ((x+ CB ) sin
√−Bt
k6
+ 1√−B (k2x+ k4 y + k1) cos
√−Bt
k6
, (v2ξ vηη − 2vξ vηvξη + v2ηvξξ )
1
3 = (−B)
5
6
k
2
3
4 k6
(ηvξ − ξ vη)
− 1√−B (k2x+ k4 y + k1) sin
√−Bt
k6
+ (x+ CB ) cos
√−Bt
k6
)
k5 = 0, k4 = 0, k6k2 = 0 ((x+ k1k2 )e
− k2k6 t , (y − k72k2 x+
k1k7−2k2k3
2k22
)e
k2
k6
t
) (v2ξ vηη − 2vξ vηvξη + v2ηvξξ )
1
3 = k2k6 (−ξ vξ + ηvη)
k5 = 0, k6 = 0, k4 = k2 = 0 (x− k1k6 t, y +
k1k7
2k26
t2 − ( k7k6 x+
k3
k6
)t) (v2ξ vηη − 2vξ vηvξη + v2ηvξξ )
1
3 = − k1k6 vξ − (
k7
k6
ξ + k3k6 )vη
k5 = k6 = 0, B = 0 (k4 y2 + 2(k2x+ k1)y − k7x2 − 2k3x, t) vη = −2(Bξ − k3C − k1k2k3 + k21k7)
1
3 vξ
k5 = k6 = k2 = k4 = k1 = 0 (x, t) vη = 0
k5 = k6 = k2 = k4 = 0, k1 = 0 (y − k72k1 x2 −
k3
k1
x, t) vη = −( k7k1 )
1
3 vξ
k5 = k6 = k2 = 0, k4 = 0 (y2 − k7k4 x2 −
2k3
k4
x, t) vη = − 2
k
2
3
4
(k4k7ξ − k23)
1
3 vξ
k5 = k6 = k2 = k7 = k3 = 0 (y, t) vη = 0
k5 = k6 = k2 = k7 = 0, k3 = 0 (x− k42k3 y2 −
k1
k3
y, t) vη = −( k4k3 )
1
3 vξ
k5 = k6 = k2 = 0, k7 = 0 (x2 − k4k7 y2 −
2k1
k7
y, t) vη = − 2
k
2
3
7
(k4k7ξ − k21)
1
3 vξ
k5 = k6 = 0, k2 = 0, B = 0, (−x+ (k2x+k4 y)2+2k1(k2x+k4 y)2C , t) vη = (
k24
C )
1
3 vξ
C = 0
k2 = 0, k5 = k6 = B = C = 0 (k2x+ k4 y, t) vη = 0
k5k4 = 0, A > 0, B = 0 ([
√
A−2k2−3k5
2
√
A
x− k4√
A
y +
√
AC+3k5C−2k1B)
2
√
AB
]t− 34 +
√
A
4k5 , (v2ξ vηη − 2vξ vηvξη + v2ηvξξ )
1
3
[
√
A+2k2+3k5
2
√
A
x+ k4√
A
y +
√
AC−3k5C+2k1 B)
2
√
AB
]t− 34 −
√
A
4k5 ) = − A
1
3
4k5k
2
3
4
[(3k5 − A 12 )ξ vξ + (3k5 + A 12 )ηvη)]
k5k4 = 0, B = 0 ([2(1+ k23k5 )x+
2k4
3k5
y + 6k1k5+2C
9k25
]t− 32 , (v2ξ vηη − 2vξ vηvξη + v2ηvξξ )
1
3 = −( 3k54k4 )
2
3 ( 32 ξ vξ + C3k25 ηvη)
2k2
3k5
x+ 2k43k5 y − C3k25 ln t +
6k1k5+2C
9k25
)
k5k4 = 0, A < 0 (t− 34 [(x+ CB ) cos
√−A ln t
4k5
− 1√−A ((3k5 + 2k2)x
+ 2k4 y + 2k1 − 3k5CB ) sin
√−A ln t
4k5
],
(v2ξ vηη − 2vξ vηvξη + v2ηvξξ )
1
3
= −( A
4k24
)
1
3 [(− 34 ξ −
√−A
4k5
η)vξ + (− 34η +
√−A
4k5
ξ)vη]
t− 34 [(x+ CB ) sin
√−A ln t
4k5
+ 1√−A ((3k5 + 2k2)x
+ 2k4 y + 2k1 − 3k5CB ) cos
√−A ln t
4k5
])
k5k4 = 0, A = 0 ([( 3k5+2k24k5 ln t − 1)x+
k4
2k5
y ln t + ( k12k5 − 3C4B ) ln t − CB ]t−
3
4 , (v2ξ vηη − 2vξ vηvξη + v2ηvξξ )
1
3 = ( 2k5k4 )
1
3 [(η − 34 ξ)vξ − 34ηvη]
[( k22k5 + 34 )x+
k4
2k5
y + k12k5 − 3C4B ]t−
3
4 )
k5 = 0, k4 = 0, k2 = −3k5, (t−
3
2 − k22k5 (x+ k13k5+k2 ), (v2ξ vηη − 2vξ vηvξη + v2ηvξξ )
1
3 = − 12k5 [(3k5 + k2)ξ vξ − k2ηvη]
k2 = − 32 k5 t
k2
2k5 (y − k73k5+2k2 x+
k1k7
k2(3k5+2k2) −
k3
k2
))
k5 = 0, k4 = 0, k2 = − 32 k5 (t−
3
4 (x+ 2k13k5 ), t−
3
4 [y − ( k72k5 x+
k1k7
3k25
) ln t − 4k1k7
9k25
+ 2k33k5 ]) (v2ξ vηη − 2vξ vηvξη + v2ηvξξ )
1
3 = − 34 ξ vξ − ( k72k5 ξ + 34η)vη
k5 = 0, k4 = 0, k2 = −3k5 (x− k12k5 ln t, t−
3
2 (y + k73k5 x+
k1k7
9k25
+ k33k5 )) (v2ξ vηη − 2vξ vηvξη + v2ηvξξ )
1
3 = − k12k5 vξ − 32ηvη
Proposition 1. Let g be a smooth solution of (10) in (0,∞) satisfying limξ↓0 g(ξ) = ∞ (respectively −∞). Then
lim
ξ↓0 ξ
2g(ξ) = 1
2
√
γ
(
respectively − 1
2
√
γ
)
.
Moreover, this kind of solution is unique.
Proof. It suﬃces to consider the ﬁrst case. Setting χ = ξ2g , we have
χξ = 1
[
2χ + γ (ξ − 2χ)3
]
. (11)ξχ 2
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ξ = 2χ −
(
2
γ
) 1
3
χ
1
3 . (12)
Eq. (12) deﬁnes a curve Γ1 = (ξ,χ(ξ)) in (ξ,χ)-plane, where χ(ξ) is strictly increasing and satisﬁes
χ(0) = 1
2
√
γ
, lim
ξ→∞
χ(ξ)
ξ
= 1
2
.
The curve Γ1 divides (0,∞) × (0,∞) into an upper and a lower regions. Any integral curve of (11) starting from the upper
region strictly decreases as ξ increases until it hits Γ1, then it becomes increasing and tends to Γ1 asymptotically, never
crossing Γ1 again. On the other hand, any integral curve starting from the positive ξ -axis is strictly increasing and tends
to Γ1 from below as ξ → ∞. From the above discussion, we know that χ is eventually monotonic increasing or decreasing
near ξ = 0 for the solution deﬁned in (0,∞). Since χ(ξ) satisﬁes
(
− 1
χ2
)
ξ
= 2
ξχ
[
2
χ2
+ γ
(
ξ
χ
− 2
)3]
.
It follows that limξ↓0 χ is bounded. Letting limξ↓0 χ = c, then by (12) we have
2c =
(
2
γ
) 1
3
c
1
3 ,
which implies that c = 1/(2√γ ). 
Now we integrate solutions of (10) to get solutions of (9). For the type-I solution, it is deﬁned on the whole real line.
There exist a,b (a < 0< b), such that w is convex in (a,b) and concave in (−∞,a), (b,∞). And
w = 1
2
log |ξ |(1+ o(1)) (13)
at ∞ and −∞. For the type-II solution, w is deﬁned over [a,∞) for a > 0. And it is also concave and increasing in [a,∞).
Eq. (13) holds at ξ = ∞. For the type-III solution, w is deﬁned over [a,∞) for some a > 0. It satisﬁes that (i) w is increasing
in [a,b) and decreasing in (b,∞) for some b (b > a); (ii) w is convex in (a, c) and concave in (c,∞) for some c (c > b).
And (13) holds at ξ = ∞. It is clear that we can match a type-II solution with a type-III solution to form a complete
invariant curve. Any solution obtained from the type-I1 solution is a concave function in (0,∞) where (13) holds at ∞ and
w = −(1+ o(1))/(2ξ√γ ) at 0. Any solution corresponding to the type-I2 solution is deﬁned in (0,∞), and w is convex in
(0,a) and concave in (a,∞) for some a (a > 0). Eq. (13) holds at ∞ and w = (1+o(1))/(2ξ√γ ) at 0. Thus the classiﬁcation
to the group-invariant solutions of (9) then (8) is completed.
4. Symmetry group analysis of (6)
Using the Lie’s point symmetry method, we obtain the inﬁnitesimal generators for the symmetry group of (6) as follows
X1 = η∂ξ , X2 = η2∂ξ , X3 = η∂η, X4 = ξ
η
∂ξ + ∂η,
X5 = ξ
2
η2
∂ξ + ξ
η
∂η, X6 = 3ξ∂ξ + 2v∂v , X7 = ∂v . (14)
Since any linear combination of inﬁnitesimal generators is also an inﬁnitesimal generator, there are always inﬁnitely
many different symmetry subgroups for the differential equation. So a mean of determining which subgroups would give
essentially different types of solutions is necessary and signiﬁcant for a complete understanding of the group-invariant
solutions. As any transformation in the full symmetry group maps a solution to another solution, it is suﬃcient to de-
rive group-invariant solutions which are not related by transformations in the full symmetry groups, this has led to the
concept of an optimal system [29,31]. The problem of ﬁnding an optimal system of subgroups is equivalent to ﬁnding an
optimal system of subalgebras. The method used here was initiated by Ovsiannikov [31], which basically consists of taking
linear combinations of the generators and reducing them to simplest equivalent form by applying suitably chosen adjoint
transformations
Ad
(
exp(Xi)X j
)= X j − [Xi, X j] + 
2
2
[
Xi, [Xi, X j]
]− · · · ,
where [Xi, X j] stands for the usual commutator, given by [Xi, X j] = Xi X j − X j Xi and  is a parameter.
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W1 = X3, W2 = X3 + X7, W3 = X3 − X7, W4 = X2 − X5,
W5 = X2 − X5 + αX7 (α = 0), W6 = X2 + X4 + αX7 (α = 0),
W7 = X2 + X4, W8 = X2 − X4, W9 = X2 − X4 + αX7 (α = 0),
W10 = X2 + X7, W11 = X2 − X7, W12 = X2, W13 = X1 + X7,
W14 = X1 − X7, W15 = X1, W16 = X7, W17 = X6,
W18 = X6 + αX3 (α = 0), W19 = X6 + X5 + αX2
(
α < −9
4
)
,
W20 = X6 − X5 + αX2
(
α >
9
4
)
, W21 = X6 + 3
2
X3 + X2,
W22 = X6 + 3
2
X3 − X2, W23 = X6 + X4, W24 = X6 − X4,
W25 = X6 + 3X3 + X1, W26 = X6 + 3X3 − X1.
By the methods in [17,29], one can verify the following result.
Theorem 1. An optimal system of one-dimensional subalgebras of (14) is generated by {Wi, i = 1, . . . ,26}.
After using the optimal system above, we can obtain 26 nonequivalent one-dimensional subalgebras. With those Lie al-
gebras, one may further reduce (6) to ordinary differential equations (ODEs), the reduced equations and the group-invariant
solutions are listed in Table A1. In the reduced equations we always take the second invariant as a function of the ﬁrst one.
Notice that it is necessary to solve these ODEs to obtain the group-invariant solutions, and in most cases it is still very
diﬃcult to solve. Once the reduced equation in column 4 is solved, the corresponding relation in column 3 explicitly deﬁnes
a surface in (ξ,η, v)-space. We point out that by making use of the transformation s = z/(k4B1/2) and h(z) = ω(s)/(k4B1/2),
the reduced equation for W3 converts into ω′ − 2sω3 + 3ω2 + 1/4 = 0, whose solutions have been investigated in detail
in [16].
5. Symmetry group analysis of (7)
Similar to the manipulations above, symmetry group analysis of (7) is carried out in this section. First, we shall determine
the symmetry group of (7), classify one-parameter subgroups up to the adjoint representation, and ﬁnally obtain the reduced
ODEs, or some group-invariant solutions for the one-dimensional optimal system.
A direct computation shows that the Lie algebra of inﬁnitesimal symmetries of (7) is spanned by the following vector
ﬁelds:
Y1 = ∂ξ , Y2 = ∂η, Y3 = ∂v , Y4 = ξ∂η,
Y5 = η∂ξ , Y6 = ξ∂ξ − η∂η, Y7 = 3ξ∂ξ + 2v∂v . (15)
We now introduce the vector ﬁelds:
V1 = Y6, V2 = Y6 + Y3, V3 = Y6 − Y3, V4 = Y4 − Y5,
V5 = Y4 − Y5 + αY3 (α = 0), V6 = Y4 + Y3 + αY1 (α = 0),
V7 = Y4 + Y3, V8 = Y4 − Y3, V9 = Y4 − Y3 + αY1 (α = 0),
V10 = Y4 + Y1, V11 = Y4 − Y1, V12 = Y4, V13 = Y1,
V14 = Y1 + Y3, V15 = Y1 − Y3, V16 = Y3, V17 = Y7,
V18 = Y7 + αY6 (α = 0), V19 = Y7 + Y4 + αY5
(
α < −9
4
)
,
V20 = Y7 − Y4 + αY5
(
α >
9
4
)
, V21 = Y7 − 3
2
Y6 + Y5,
V22 = Y7 − 3
2
Y6 − Y5, V23 = Y7 + Y2, V24 = Y7 − Y2,
V25 = Y7 − 3Y6 + Y1, V26 = Y7 − 3Y6 − Y1.
Theorem 2. An optimal system of one-dimensional subalgebras of (15) is generated by {V i, i = 1, . . . ,26}.
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We run through each subalgebra in Theorem 2, and obtain the reduction formula and the corresponding invariant equa-
tions written in terms of the invariants. Note that the symmetries V12, V13 and V16 yield trivial group-invariant solutions.
All other symmetry reductions are presented in Table A2.
6. Exact solutions to the aﬃne heat equation
We have reduced the aﬃne heat ﬂow (4) to Eqs. (6) and (7) in Section 3, and further symmetry analysis of the two
reduced PDEs are accomplished in Sections 4 and 5. Combining the results and conclusions there together, we obtain the
reduced equations and exact solutions of (4) in the case: Fi(u) = ki (i = 1, . . . ,8), where k8 = 1 and other ki ’s are arbitrary
constants.
For the cases a, c, d, f, g, i and k, the group-invariant solutions of (4) are all given implicitly by
v(ξ,η) = e−2k5u
(
t + k6
2k5
)
,
where and hereafter ξ and η are given in Section 3 for each case, and the corresponding v can be determined as follows:
In the case a, c and d, it is in Table A2 with D = −A/k24, D = −9k25/k24 and D = −1/k24, respectively. And in the cases f, g, i
and k, v are given in Table A2 with D = −1.
For the cases b, e, h and j, the group-invariant solutions of (4) can be expressed as
v(ξ,η) = t − k6u,
where the corresponding v can be found in Table A1 for the case b, Table A2 with D = −1/k24 for the case e, Table A2 with
D = −1 for the cases h and j.
Here we only list some exact solutions of (4),
u = C1x2 + C2x± 2C1 y + 2C1t + C3,
u = x
2 + C1x± 2y + 2t + C2
C3 + C4x ,
u = C1t − 3
4
C1
(
C2x
2 − 2xy + C3x+ C4 y − C2C
2
4 + 2C3C4
4
) 2
3
+ C5,
u = C1t − 3C1
4(C3C26)
1
3
((
C22 − C3
)
x2 + C26 y2 + 2C2C6xy + 2(C2C4 − C5)x+ 2C4C6 y +
C3C24 − C25
C3
) 2
3
+ C7,
u = C
2
1x
2 + C22 y2 + 2C1C2xy + C1C3±2C
3
2
C2
x+ C3 y + 2C22t + C4
2C22(C2 y + C1x+ C5)
,
u = C
2
1C3
2
x2 + C3
2
y2 + C1C3xy + (C1C4 ± 2C
2
2)C3
2C22
x+ C3C4
2C22
y + C3t + C5,
u = 1
C1
x±
(
C2
C21(C1 + C2)
x2 + C3x− 2
C1(C1 + C2) y −
2
C1(C1 + C2) t + C4
) 1
2
+ C5,
u = C1
C2
x+ C3
C2
y ±
(
C21C
2
3
C22(C
2
3 + C2)
x2 + C
4
3
C22(C
2
3 + C2)
y2 + 2C1C
3
3
C22(C
2
3 + C2)
xy
+ 2C
2
3(C1C4 − C2)
C22(C
2
3 + C2)
x+ 2C
3
3C4
C22(C
2
3 + C2)
y − 2C
2
3
C2(C23 + C2)
t + C5
) 1
2
+ C6,
u = 1
2C1
ln
(
4C1t − 3C1
(
2C2x
2 − 2xy + 2
(
C4 − 3C1C2C5
C3 + 3C1
)
x− 2C3C5
C3 + 3C1 y +
2(C3C4C5 − C2C3C25)
C3 + 3C1
) 2
3
+ C6
)
+ C7,
where Ci are constants.
7. Concluding remarks
We have carried out the group analysis for the aﬃne heat equation. The basic similarity reductions are performed when
the arbitrary functions in the inﬁnitesimal transformations are conﬁned to constants. Reduced equations and exact solutions
associated to the symmetries are obtained.
It remains open to reduce the aﬃne heat equation when the functions Fi(u) are not constants.
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Reduced equations of (6)
Invariants (z, g) Ansatz Reduced equation or invariant solutions (g′(z) = h(z))
W1 (ξ, v) v = g(z) v = 3
4(Bk24)
1
3
ξ
2
3 + C1
W2 (ξ, v − ln |η|) v = g(z) + ln |η| h′ − 2zh3 − 3h2 + 14Bk24 = 0
W3 (ξ, v + ln |η|) v = g(z) − ln |η| h′ − 2zh3 + 3h2 + 14Bk24 = 0
W4 (
ξ2
η2
+ η2, v) v = g(z) v = − 38 2Bk24
1
3 (
ξ2
η2
+ η2) 23 + C1
W5 (
ξ2
η2
+ η2, v + α arctan η2
ξ
) v = g(z) − α arctan η2
ξ
2α2h′ + 4zh3 + 3α2z h + 18Bk24 = 0
W6 (
ξ
η − η
2
2 , v − αη) v = g(z) + αη α2h′ − h3 + 14Bk24 = 0
W7 (
ξ
η − η
2
2 , v) v = g(z) v = 1
(4Bk24)
1
3
(
ξ
η − η
2
2 ) + C1
W8 (
ξ
η + η
2
2 , v) v = g(z) v = − 1
(4Bk24)
1
3
(
ξ
η + η
2
2 ) + C1
W9 (
ξ
η + η
2
2 , v + αη) v = g(z) − αη α2h′ + h3 + 14Bk24 = 0
W10 (η, v − ξη2 ) v = g(z) + ξη2 v = ξη2 −
η4
80Bk24
+ C1η + C2
W11 (η, v + ξη2 ) v = g(z) − ξη2 v = − ξη2 − η
4
80Bk24
+ C1η + C2
W13 (η, v − ξη ) v = g(z) + ξη v = ξη − η
2
8Bk24
+ C1η + C2
W14 (η, v + ξη ) v = g(z) − ξη v = − ξη − η
2
8Bk24
+ C1η + C2
W17 (η,
v
ξ
2
3
) v = ξ 23 g(z) 4z2g2g′′ − 10z2gg′2 − 8zg2g′ − 163 g3 + 94Bk24 = 0
W18 (
η
ξ
α
3
, v
ξ
2
3
) v = ξ 23 g(z) 4z2g2g′′ + α( 23α2 − 3α + 3)z3g′3 − 2(2α2 − 6α + 5)z2gg′2
+ 8(α − 1)zg2g′ − 163 g3 + 94Bk24 = 0
W19 (
ξ2−3ξη2−αη4
η4
, v
η
4
3
) v = η 43 g(z) 4(4z + 9+ α)g2 g′′ − (4z + 9+ α)gg′2 + 8g2g′ + 9
16Bk24
= 0
W20 (
ξ2+3ξη2+αη4
η4
, v
η
4
3
) v = η 43 g(z) 4(4z + 9− α)g2 g′′ − (4z + 9− α)gg′2 + 8g2g′ + 9
16Bk24
= 0
W21 (
ξ
η2
− 23 ln |η|, v
η
4
3
) v = η 43 g(z) 16g2h dhdg − 6h3 − 4gh2 + 94Bk24 = 0
W22 (
ξ
η2
+ 23 ln |η|, v
η
4
3
) v = η 43 g(z) 16g2h dhdg + 6h3 − 4gh2 + 94Bk24 = 0
W23 (e−3η ξη ,e
−2ηv) v = e2η g(z) 4g2 g′′ − 9zg′3 + 8gg′2 + 1
4Bk24
= 0
W24 (e3η
ξ
η ,e
2ηv) v = e−2η g(z) 4g2 g′′ − 9zg′3 + 8gg′2 + 1
4Bk24
= 0
W25 (
1
3 ln |η| − ξη , v
η
2
3
) v = η 23 g(z) 4g2h dhdg − 3h3 − 10gh2 + 94Bk24 = 0
W26 (
1
3 ln |η| + ξη , v
η
2
3
) v = η 23 g(z) 4g2h dhdg − 3h3 − 10gh2 + 94Bk24 = 0
Appendix A
We put Tables A1 and A2 cited in Sections 4 and 5 respectively in Appendix A.
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